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Fuchs-van de Graaf Inequalities

Formal statement

Let p and o be density operators on a finite-dimensional Hilbert space. Define
the trace distance by

1
D(p,o) = 5llp = ol

where

1], = Te /X7 X

Define the root fidelity by

F(p,0) = IVavalls = Tt \/ypova

With these conventions, the Fuchs-van de Graaf inequalities are

1 - F(p,0) < D(p,0) < /1— F(p,0)?

Equivalently, the fidelity is bounded in terms of trace distance by

1—Dip,e) < Flpo)<+/l—D
Some books use the squared-fidelity convention
Fy(p,0) = F(p,0)*.

With that convention, the same inequalities are written as

=/ P lpa)l- Dipog) = \/1 Fpo)
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The theorem was introduced in quantum information through the work of
Fuchs and van de Graaf on cryptographic distinguishability measures. It is
now a standard tool because trace distance has a direct operational meaning
as distinguishability, while fidelity has a direct geometric meaning as
maximum purification overlap.

Meaning before the proof
Trace distance and fidelity answer two different questions.

Trace distance asks how well two states can be distinguished by the best
possible measurement. If p and o are given with equal prior probabilities,
then the Helstrom theorem gives

opt __
P:-succ T

(14 D(p,0)).

b =

Thus D(p,0)=0 means that no measurement can distinguish the states, while
D(p,0)=1 means that the states can be perfectly distinguished.

Fidelity asks how close the states are geometrically. For pure states,

p=I0){yl, o=l

we have
F(p,0) = [(¢|8)].

For mixed states, Uhlmann's theorem says that F(p,0) is the largest possible
absolute inner product between purifications of p and o. Thus fidelity is a
geometric overlap after optimally choosing the hidden reference systems.

The Fuchs-van de Graaf inequalities say that these two notions cannot
disagree too much. If two states have high fidelity, then they must be hard to
distinguish. If they have small trace distance, then their fidelity must be
large. The theorem is a conversion tool between geometric closeness and
operational indistinguishability.

Classical prototype

The quantum inequalities are best understood by first looking at ordinary
probability distributions. Let p=(pi) and g=(qi) be probability distributions.
Define the total variation distance
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1
— 9 Z pi — ail,
and the classical fidelity, also called the Bhattacharyya coefficient,
=D Vpiti

Then

1 - B(p,q) < TV(p,q) < /1 — B(p.q)?

We prove this because it contains the whole idea.

For the lower bound, use the identity

TN (gl =1~ Z min{p;, ¢; }.

i

For each i,

min{p;, ¢;} < \/Piq:-

Therefore

Z min{p;, q; } < Z Vit = B(p, q),

i

and hence

1—B(p,q) <1-— Z min{p;,q;} = TV(p, q).

For the upper bound, write

pi — @il = [v/Pi — Val(VPi + V&)
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By the Cauchy-Schwarz inequality,

TV(,0) = 5 Y Wi — V| (VB + V)

IA

;\/Z(\/@- \/q?)z\/Z(\/ﬁﬂ@Q-

Now

> (P~ V) =2-2B(p,),
and

Z(\/;FH V@)% =2+ 2B(p,q).
Therefore

TVip, g) < %\/(2 “3B) 2+ 2B) = V1= B

Thus the classical inequalities are proven.

From classical distributions to quantum states

To pass from classical probability distributions to quantum states, we use two
operational characterizations.

The first is the trace-distance measurement formula:

D(p,0) = f{;ﬁﬁ TV(p,.a,);

where

p, = Tr(M,p), qy = Tr(M,0),
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and the maximum is over all POVMs M)\. This is the measurement
interpretation behind the Helstrom theorem.

The second is the fidelity measurement formula:

Fip,a) = +
(p,0) = {Iﬁl}ﬂ} Z D

This formula says that if we measure both states using the same POVM, the
resulting classical distributions always have Bhattacharyya coefficient at
least the quantum fidelity; moreover, there exists an optimal measurement
whose classical Bhattacharyya coefficient equals the quantum fidelity. This is
closely related to the Fuchs-Caves characterization of fidelity.

We now combine these two formulas with the classical inequalities.

For the lower bound, choose a measurement M)\ that minimizes the
classical Bhattacharyya coefficient, so that

Z Puly = Flp,0).
7

For this measurement, the classical inequality gives
TVi(p,q) =z 1— Flp,0).

Since trace distance is the maximum total variation distance over all
measurements,

D(p,o) > TV(p,q) > 1 — F(p,0).
Thus
1— F(p,0) < D(p,o0).

For the upper bound, choose a measurement that maximizes the total
variation distance, so that

TN (n.q)l=D{p. o).
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For this measurement, the classical inequality gives

D(p,0) < /1— B(p,q)?

where

— Z /Py Qy-
Yy

Since the quantum fidelity is the minimum possible classical Bhattacharyya
coefficient,

Bip,q) = F(p,0).

Therefore

V1-B(p,q)2 < /1-F(p,0).

Hence

D(p,o0) \/1— (p,0)?

Combining both sides gives

1 - F(p,0) < D(p,0) < /1— F(p,0)?

This proves the Fuchs-van de Graaf inequalities.

Why the proof is conceptually important

The proof says that the quantum theorem is not a mysterious algebraic
accident. It is the classical relationship between total variation distance and
Bhattacharyya coefficient, lifted to quantum theory through optimal
measurements.
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Trace distance appears because we maximize classical distinguishability over
measurements. Fidelity appears because we minimize classical overlap over
measurements. The inequalities are true classically for every measurement
outcome distribution, and the quantum theorem follows by choosing the right
measurements at the right steps.

This is exactly why the theorem is useful. It lets us translate between two
languages. Trace distance is the language of operational distinguishability.
Fidelity is the language of overlap, purification, and geometry.

Example: identical states

It
p =0,
then
Dipe)=0
and
F(p,a)=1.

The inequalities become

1—1<0</1—12

or
0<0<0.

Both bounds are tight. Operationally, identical states cannot be distinguished
at all. Geometrically, they have perfect fidelity.

Example: orthogonal states

Let
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p=10)(0,  o=][1)(1].
Then
D(p,o) =1,

because the two states can be perfectly distinguished by measuring in the
computational basis. Also,

F(p,0) = [(0[1)] = 0.
The inequalities become
1-0<1<+/1-02,
or
8= V= N

Again both bounds are tight. Orthogonality is the extreme case where
geometric non-overlap and operational distinguishability coincide perfectly.

Example: two nonorthogonal pure states

Let
p=1v)¥l, o=|d){dl
For pure states,
F(p,0) = |(4[6)].

A direct calculation gives

D(p,0) = /1 [{¢]$)[2.
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Therefore the upper Fuchs-van de Graaf bound is saturated:

D(p,0) = v/1- F(p,0)".

For example, take

- 0) + 1)
l,b — 0 3 q _|_ = .
Wi =10, 1o)==
Then
1 1 1
F — D — 1 —_——_ = —
V2 2 12
The lower bound says
] 1

which is true but not tight. The upper bound is exact.

Operationally, this says that the distinguishability of two pure states is
completely determined by their Hilbert-space angle.

Example: a pure state and the maximally mixed qubit

Let
3
= |0)(0|, — =
p=lo0l, o=
The trace distance is
1 I
B, == — | .
(r.0) =5 |00l - 5|

In the computational basis,
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The trace norm is 1, so

The fidelity is
The inequalities say

Numerically,
0.2929 < 0.5 < 0.7071.

This example shows that the inequalities are often not tight. They are
conversion bounds, not exact formulas in general.

Example: commuting mixed states

~ (09 0 (05 0
P=\Vo o01)0 27 \o o5/

These states commute, so the problem reduces to the classical distributions

Suppose

The trace distance is
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D(p,0) = =(]0.9—-0.5

1
5 +10.1—0.5]) = 0.4.

The fidelity is

F(p,0) =v0.9-0.5+0.1-0.5 ~ 0.8944.

The inequalities become

1 —0.8944 < 0.4 < /1 — 0.89442.
That is

0.1056 < 0.4 < 0.4472.

The states are fairly close in fidelity, but still moderately distinguishable
because the classical probabilities differ appreciably.

How to use the theorem in estimates

The inequalities are most useful when one distance is easy to bound and the
other is operationally needed.

If a proof gives a trace-distance bound
D(p,0) < ¢,
then the theorem gives
F(p,o)>1—c¢.

So operational indistinguishability implies high geometric overlap.

If a proof gives a fidelity bound

F(P:U)Zl—€:
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then

D(p,0) < v/1 — (1 —€)2 = v/2e — &2.

For small g, this is approximately
D(p,0) S V2.

This square-root loss is common in quantum information estimates. A very
high fidelity guarantee converts into a trace-distance guarantee, but the
parameter becomes square-root weaker.

Conversely, if
Dip,a) <0,

then the Helstrom theorem says that for equal priors,

1
PPt < (1 4 §).

succ — 2

So no measurement can distinguish the states with advantage more than 6/2
above random guessing.

Operational interpretation in cryptography and error
correction

In cryptography, trace distance is often the security metric because it directly
controls distinguishing advantage. If an adversary's real state and ideal state
are close in trace distance, then no measurement can reliably tell whether
the adversary is in the real or ideal experiment.

Fidelity is often easier to work with geometrically because it behaves
naturally with purifications and Uhlmann's theorem. The Fuchs-van de Graaf
inequalities allow one to prove security or correctness in the fidelity
language and then translate the result into trace-distance language.

In quantum error correction, one may prove that the recovered state has
high fidelity with the original state. The inequalities then imply that the
recovered state is also close in trace distance, meaning that all subsequent
measurements have nearly the same outcome statistics.
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Thus the theorem is a bridge between two kinds of guarantees. Fidelity says
the states are geometrically close. Trace distance says the states are
operationally hard to distinguish.

Common mistakes

A common mistake is to mix fidelity conventions. If fidelity means
F(p,o) = |vpVolh,

then the upper bound is

D(p,o0) \/I— (p,0)?

If fidelity means the squared quantity

Fia(p. ) = IlyAv/al2,

then the upper bound is

\/1 Folp. o)

A second mistake is to think that the inequalities give an exact conversion.
They do not. They give upper and lower bounds. Exact equality holds in
important special cases, such as identical states, orthogonal states, and the
upper bound for pairs of pure states, but not in general.

A third mistake is to forget the factor 1/2 in trace distance. The trace
distance between states is

1
D(p.o) = 5llp

not \|p-0\|1. Without the factor 1/2, the range would be [0,2] instead of [0,1].

A fourth mistake is to interpret high fidelity as meaning that every matrix
entry is close. Fidelity is basis-independent and geometric. Trace distance is
also basis-independent but operational. Neither is a statement about
entrywise closeness in a particular basis.
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Final mental image

The Fuchs-van de Graaf inequalities say that the two most important notions
of closeness between quantum states are quantitatively linked:

1— F(p,0) < Dip,o) < +/1— Flp, o>

Trace distance is the distance seen by the best measurement. Fidelity is the
best overlap seen by purifications. One is operational; the other is geometric.
The theorem says that if two states are close in one sense, they are
necessarily close in the other sense, with explicit conversion formulas.

In one sentence:
geometric overlap controls operational distinguishability, and operational indisti:

This is why the theorem appears everywhere in quantum information theory,
from state discrimination and cryptography to error correction, channel
approximation, and continuity bounds.
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