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To understand exactly why we multiply the wavefunction by its complex
conjugate, W™ (r, t)¥(r, t), we have to look at the unique algebra of quantum
mechanics.

In short: This operation is a mathematical filter. It strips away the
unmeasurable "imaginary" parts of a quantum state and leaves behind a
pure, positive, real number that represents physical reality.

Here is the deep dive into why this specific multiplication is required.

1. The Complex Number Problem

In classical physics, things like the position of a car or the voltage of a
battery are represented by real numbers. Quantum mechanics is different.
The wavefunction ¥ is fundamentally complex-valued, meaning it relies on
the imaginary unit i (where i? = -1).

At any given point in space and time, the wavefunction evaluates to a
complex number:

V—=—q+b

Because you cannot measure an imaginary quantity with a physical
instrument, ¥ on its own cannot represent a physical probability.
Furthermore, probabilities cannot be negative or complex; they must strictly
be real numbers between 0 and 1.

2. Enter the Complex Conjugate (")

To transform a complex number into a meaningful real number,
mathematicians use the complex conjugate.

To find the complex conjugate (denoted by the asterisk ), you simply take the
original complex number and flip the sign of the imaginary part.

If¥=a+ bi
Then W™ = a - bi
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3. The Magic of the Multiplication

Watch what happens to the imaginary unit i when you multiply the
wavefunction by its complex conjugate:

VW = (a — bi)(a + bi)

Using standard algebraic expansion (FOIL):

U = g2 + abi — abi — b%i?

The middle terms (+abi and -abi) cancel each other out:

U = g2 — b%i?

Since i? = -1, the equation becomes:

U0 = a2 — b2(—1) =a” +b°

Because a and b are both real numbers, squaring them and adding them
together guarantees that the result (a2 + b?) is always a positive, real
number. This is exactly what we write shorthand as the absolute square: |W|2.

4. The Physical Meaning: Interference

Why didn't physicists just invent a theory that uses regular numbers? Why
use complex numbers if we just end up scrubbing the imaginary parts away?

The answer lies in quantum interference. Because W is complex, it possesses
a property called a phase (an angle in the complex plane).

When you add two wavefunctions together (superposition) before multiplying
them by their conjugates, their phases interact. This is what allows quantum
particles to undergo constructive interference (adding together) and
destructive interference (canceling each other out), mimicking the behavior
of physical waves.
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Total Probability = |U; + Wy|? = (U1 + W3) (¥ + Us)

Without the specific mathematics of ¥~ W, we would not be able to
mathematically explain the famous Double-Slit Experiment, where single
particles create interference patterns on a detector screen.
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